On a conjecture of Meyniel  by Hoàng, C.T
JOURNAL OF COMBINATORIAL THEORY, Series B 42, 302-312 (1987) 
On a Conjecture of Meyniel 
C. T. HOANG 
Department of Computer Science. Rutgers University, 
New Brunswick, New Jersey 08903 
Communicated by the Managing Editors 
Received June 21, 1985 
A graph G is said to be very strongly perfect if for each induced subgraph H of G, 
each vertex of H belongs to a stable set that meets all maximal cliques of H. 
Meyniel proved that a graph is perfect if each of its odd cycles with at least five ver- 
tices contains at least two chords. Nowadays, such a graph is called a Meyniel 
graph. We prove that, as conjectured by Meyniel, a graph is very strongly perfect if 
and only if it is a Meyniel graph. We also design a polynomial-time algorithm 
which, given a Meyniel graph G and a vertex x of G, finds a stable set that contains 
I and meets all maximal cliques of G. We shall convert this algorithm into another 
polynomial-time algorithm which, given a Meyniel graph G, finds an optimal color- 
ing of G, and a largest clique of G. Finally, we shall establish another property, 
related to perfection, of Meyniel graphs. 0 1987 Academic Press, Inc. 
1. INTRODUCTION 
A graph G is perfect if, for each induced subgraph H of G, the chromatic 
number X(H) of H equals the clique number o(H) of H. As conjectured by 
Berge [l] and proved by Lovasz [S], a graph is perfect if and only if its 
complement is. Thus, in a perfect graph G, there is a stable set that meets 
all largest cliques of G. This paper is concerned with the notion of a “good 
stable set”: we shall say that a stable set S of a graph G is good if S meets 
all maximal cliques of G. (Here, as usual, “maximal” is meant with respect 
to set-inclusion, not size.) Berge and Duchet [2] defined a graph G to be 
strongly perfect if each induced subgraph H of G contains a good stable set. 
It is easy to see that every strongly perfect graph is perfect. We shall call a 
graph G very strongly perfect if, for each induced subgraph H of G, each 
vertex of H belongs to a good stable set of H. 
Meyniei [6] proved that a graph G is perfect if each of its odd cycles 
with at least five vertices contains at least two chords. Nowadays, such 
graphs are called Meyniel graphs. Later, Ravindra [S] proved that every 
Meyniel graph is strongly perfect. Meyniel then conjectured that a graph is 
very strongly perfect if and only if it is a Meyniel graph. In Section 2, we 
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shall present a proof of Meyniel’s conjecture. In Section 3, we design a 
polynomial-time algorithm which, given a Meyniel graph G and a vertex x 
of G, finds a good stable set of G that contains x. We shall convert this 
algorithm into another polynomial-time algorithm which, given a Meyniel 
graph G, finds an optimal coloring of G, and a largest clique of G. In 
Section 4, we shall present a new characterization of Meyniel graphs. 
2. MEYNIEL GRAPHS ARE VERY STRONGLY PERFECT 
The purpose of this Section is to prove the following theorem. 
THEOREM 2.1. A graph is very strongly perfect if and only if it is a 
Meyniel graph. 
Our proof relies on the following lemma proved by Ravindra [S]. 
LEMMA 2.2. If a graph G contains a cycle wvOvl .. vk such that 
0) vO is adjacent to none of the vertices v2, v~,..., vk, 
(ii) w is not adjacent to vl, and 
(iii) there is a good stable set of G - vO that contains v, and vk, then G 
is not Meyniel. 
Proof of Theorem 2.1. The “only if’ part of the theorem can be settled 
by observing that if a graph is not Meyniel, then it contains an odd cycle C 
with at least five vertices with at most one chord; furthermore, we can 
assume that the only chord of C (if it is present in C) is a triangulated 
chord. It suffices to prove that C is not very strongly perfect. For this pur- 
pose, enumerate the vertice of C as vi, v~,..., v, (with t being an odd sub- 
script and t 3 5) with edges vivi+ i, and the edge v2v, if C has one chord 
(otherwise vZv, is not present in C). Now, suppose that v1 belongs to a 
good stable set S of C. Then we must have v3 E S, v5 E S,..., v,+~ E S; but 
then v,-i cannot be in S, neither can v,: the maximal clique v,_ 1 v, is not 
met by S, a contradiction. 
The “if’ part is proved by induction on the number of vertices. Let 
G = (I’, E) be a Meyniel graph. By the induction hypothesis, we only need 
prove that each vertex of G belongs to a good stable set of G. Consider an 
arbitrary vertex x of G. If x is adjacent to all vertices of G - x then {x} 
meets all maximal cliques of G; otherwise choose a vertex ,y nonadjacent to 
x such that /N(y) n N(x)1 > IN(z) n N(x)1 for each vertex z nonadjacent to 
x. (N(t) stands for the set of all vertices adjacent to t.) 
By the induction hypothesis, G -x is very strongly perfect. Therefore, y 
belongs to a good stable set S,, of G-x. Let Y be the connected com- 
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ponent of the subgraph of G induced by V-N(x) such that Y contains y. 
By the induction hypothesis, G - Y is very strongly perfect. Thus, x belongs 
to a good stable set S, of G - Y. Write S = S, u (S, n Y). Note that there 
is no edge with one endpoint in S, and the other endpoint in Y, and so S is 
a stable set. We only need prove that 
S is a good stable set of G. 
For this purpose, assume the contrary: some maximal clique C in G is 
disjoint from S. Note that 
Cn Y#Qr. (2.1) 
For otherwise we have Cc G - Y, and so Cn S, # @, contradicting 
Cn S= @. Next, (2.1) implies that 
Cc(YuN(x)). (2.2) 
Finally, we must have 
CnN(x)#a (2.3) 
For otherwise we have Cc Y, and so C n (S? n Y) # @, contradicting 
CnS=,@. 
Since S.L, is a good stable set of G - X, C must include a vertex u1 of S),. 
We must have v1 E N(x), for otherwise vl E Y, and so U, E Cn S, con- 
tradicting Cn S= 0. Write A = N(v,) n Y. By (2.1), we have A # Qr; note 
that y $ A since both y and v, belong to S,. Since Y is connected, there is a 
path in Y from y to a vertex in A. Consider a shortest such path P. We can 
enumerate the vertices of P as v?, u3 ,..., vk with u2 E A, v, $ A for i 3 3, and 
vk = ~1. Note that 
wuI E E whenever w  E N(y) n N(x). (2.4) 
If (2.4) was false, then the cycle xv1 v2 . ’ vk w  (with x = vO) would satisfy 
conditions (i), (ii), (iii) of the Lemma 2.2, and so G would not be a 
Meyniel graph, a contradiction. 
Now (2.4) holds. Since v, EN n N(x) but v, &N(y) n N(x), and since 
/N(y) n N(x)1 3 IN(v2) n N(x)/ by our choice of y, there must be a vertex 
w  in (N(y)-N(v,))n N(x). Let i be the smallest subscript such that 
wvj E E and i # 1; note that i > 3. If i is even then wvl v2. . ’ vi is an chordless 
odd cycle with at least five vertices; if i is odd then MJXV~V~ ... vi is an odd 
cycle with at least live vertices and only one chord. In both cases, we arrive 
at a contradiction. 1 
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3. COLORING A MEYNIEL GRAPH 
Burlet and Fonlupt [3] showed that all connected Meyniel graphs can 
be constructed from certain “basic Meyniel graphs” by an operation known 
as “amalgam.” In this section, we are going to rely on the result of Burlet 
and Fonlupt to design an algorithm which given a Meyniel graph G and a 
vertex x of G, finds a good stable set of G that contains x in O(n’) steps 
(throughout this paper we shall let n denotes the number of vertices of a 
graph G). Based on this result, we shall design two combinatorial 
algorithms. The first one finds an optimal coloring of a Meyniel graph G in 
O(n”) steps. The second one finds a largest clique of a Meyniel graph G in 
U(n’) steps. It should be noted that Grotschel, Lovasz, and Schrijver [4] 
designed a polynomial-time algorithm which, given a perfect graph G, finds 
an optimai coloring of G and a largest clique of G. Our algorithms are dif- 
ferent from their algorithm in the sense that ours have a “combinatorial” 
flavor. 
First, we need introduce a few definitions. Let G = (V, E) be a graph. If 
A is a subset of I’, then G[A] denotes the subgraph of G induced by A. 
A graph G = (V, E) is basic Meyniel if V can be partitioned into disjoint 
set Kj B, S* such that 
l G[B] is a two-connected bipartite graph. 
* G[K] is a clique. 
l We have xy E E whenever x E B, y E K. 
l S* is a stable set of G, and each vertex in S* has at most one 
neighbor in B. 
A graph G = (V, E) is said to have a proper amalgam decomposition if V 
can be partitioned into disjoint sets K, A,, B,, A,, B, such that 
* KuA,uA,#@, 
l G[K] is a clique, 
l we have xyeE whenever xeAj, yeAj (i#j) or XEA,, ysK, 
l we have xy $ E whenever x E B,, y E (Aj v B,) with i # j, 
l lAiu BJ 32, 
0 A,=@ if and only if A,=@, 
l if A, = A, = a, then in each Bi there is a vertex xi with N(x;) 2 K. 
Consider a graph G with a proper amalgam decomposition defined as 
above. Define two graphs G, and G, as follows: 
l If A,#@ then G,=G[KuAjuB,u {uj}] where uj is a vertex of 
Ai (with i#j). 
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* If A, = @ then Gi = G[Ku BI u (xi}] where xj is as obtained 
above (with i#j). 
We shall say that G is the amalgam of G, and G1. It is easy to see that G 
is Meyniel if and only if both G, and G, are. Note that we can obtain G 
from G, and G, by 
* deleting the vertex aj (or x,) of each Gi, 
. identifying the vertices of G,[K] with the vertices of G,[K], and 
* joining each vertex in A i to each vertex in A,. 
Burlet and Fonlupt proved that if G is a connected Meyniel graph, then 
either G is basic Meyniel or else G has a proper amalgam decomposition. 
We shall assume that we have the following procedure GRENOBLE(G) 
(a modified version of the algorithm given in Section 5 of [ 3 ] ) which, given 
a Meyniel graph G, finds in U(n”) steps a proper amalgam decomposition 
of G, or else it shows that G is a basic Meyniel graph. 
PROCEDURE GRENOBLE(G). 
Input: A Meyniel graph G = (V, E). 
output: 1. G is basic Meyniel: a partition of V into sets K, B, S*. 
2. G has a proper amalgam decomposition: a partition of V 
intosetsK,A,, B,,A,, B,(ifA,=A,=@thenthever- 
tices x1 and x2 are specified). 
Complexity: 0(n4). 
The following procedure FIND(G, x, S) performs the following 
operation: given as input a Meyniel graph G and a vertex x of G, FIND 
returns as output a good stable set S such that S contains x. 
PROCEDURE FTND(G, x, S). 
Input: A Meyniel graph G = (V, E) and a vertex x of G. 
output: A good stable set S of G such that S contains x. 
Complexity: G(n’). 
Begin (procedure) 
1. If G is disconnected, then find the connected components C, , C2,..., Ck 
of G. Find the subscript j such that x E C,. 
l For i= 1 to k do call FIND(C,, xi, Si) where xi is an arbitrary 
vertex of Ci for i # j, and xi = x for i = j. 
0 Let St S, v S, v . . v Sk, return S and stop. 
A CONJECTURE OF MEYNIEL 307 
2. Call GRENOBLE(G). If G is basic Meyniel then go to 3, else go to 4. 
3. (Now, the sets K, B, S* are returned.) If x E K, then go to 3.1. If x E B, 
then go to 3.2, else go to 3.3. 
3.1 Let St {xjuS’, where S’= {r l.v~S*, and xy$Ej, return S 
and stop. 
3.2. Partition 8 into two stable sets B,, B, such that B = B1 LJ B,. 
Find the subscript i such that XE Bi, and let St Bi u S’, where 
S’= (y 1 N(y)nBi=@), return Sand stop. 
3.3. (Now, x E S*) Execute the following steps. 
3.3.1. If there is a vertex x’ in K with XX’ $ E, then let 
St (~‘3 u (S* - iV(x’)), return S and stop. 
3.3.2. If there is a subscript i with N(x) n Bi= a, then let 
SC B,uS’ where S’= {y 1 YES*, and N(y)n Bi=@}, 
return S and stop. 
3.3.3. (Now, B= @ and N(x) 2 K.) Let SC S”, return S and 
stop. 
4. (Now, the sets K, A,, B,, A,, B, or the sets K, B,, Bz7 {x1}, {x2} are 
returned.) 
For the remaining steps, a, will be an arbitrary vertex of A,, however if 
A i is empty, then we let a, = x,. Execute the following steps. 
4.1. If xEK then 
l for i=l to 2 do call FIND(G,, x, Si) where 
G,=G[KuAiuBiu {uj)] with i#,j. 
* let St S, u S,, return S and stop. 
4.2. If x E A, then 
l call FIND(G,, x, S,) where G, =G[KuA, u B, u {a?)]: 
l call FIND(G,, x, S,) where G, = G[KuA* u B, u {x}], 
* let Se S, u S2, return S and stop. 
4.3. If XE A, then interchange A, and Al, B1 and Bz, and go to step 
4.2. 
4.4. (Now, XE (B, u B2)) If XE B7, then interchange A, and Al, B, 
and B,. 
(Now, x E B, .) Execute the following steps. 
l call FIND(G,, x, S,) where G1 = G[KuA, u B, u (a,}], 
l find a vertex y’ in S, n (Ku A, u {u2}), 
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l call FIND(G,, y’, S,) where G,= G[Ku A2 u B2 u (al}] 
whenevery’E(K~{a~}), and G,=G[KuA,uB2u(y’}] 
whenever y’ E A 1, 
l let St S, u S,, return S and stop. 
end (procedure) 
Complexity of Procedure FIND. We say that a graph G, is a successor 
of a graph G if 
(i) G is the amalgam of Gj and some graph Gj, or 
(ii) Gi is the successor of some G, which is a successor of G. 
In [3], it is proved that a graph G can have at most G(n’) successors. 
Thus Step 2 of Procedure FIND is executed at most O(n3) times. (Recall 
that the complexity of Procedure GRENOBLE is O(n4).) It is easy to see 
that each execution of Steps 1, 3, 4 takes less than U(n4) times, except for 
the recursive call to FIND. It follows that the complexity of procedure 
FIND is O(n’). 
Proof of Correctness of Procedure FIND. First, we shall show that the 
procedure works correctly on all basic Meyniel graphs. 
Step 3.1. Trivial: any maximal clique not meeting S’ must meet x. 
Step 3.2. Suppose that there is a maximal clique C not meeting S. (We 
shall show that C cannot exist). First, we claim that 
cns*=Ql (3.1) 
Assume that (3.1) is false. By our choice of S, for each vertex u E S* - S, 
there is a vertex U’ in Bj with UU’ E E. Since IN(u) n BI d 1, we have 
N(u) E N(u’). Thus any maximal clique containing u must contain u’. This 
shows that C is met by S, a contradiction. So (3.1) holds. 
Since B # 0, K cannot be a maximal clique of G. So we have C @ K. This 
fact and (3.1) imply that there is a vertex y in C n B, with i #j. Since G[B] 
is a connected bipartite graph, there is some y’ in Gj with yy’ E E. Note that 
B, is a stable set, and uu E E whenever u E K, v E B. These facts and (3.1) 
imply that, unless K is empty, any maximal clique containing y must 
contain y’. Thus C is met by S, a contradiction. 
Step 3.3.1. Similar to Step 3.1. 
Step 3.3.2. Similar to Step 3.2. 
Step 3.3.3. Trivial. 
From now on we can assume that the stable sets S,, S, are good stable 
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sets of G, and GZ, respectively. (It follows that Step 1 is correct.) For Steps 
4.1, 4.2, and 4.4 note that S is a stable set of G. We may assume that S is 
not a good stable set of G, for otherwise we are done. So there is a maximal 
clique C with Cn S= @, C n Gi # a, i= 1,2. For each of the Steps 4.1, 
4.2, 4.4, we are going to show that C cannot exist. If A 1 = A, = 0, then 
each maximal clique of G lies entirely in G, or G,. Thus we may assume 
that A, # $3 and A, # 0. It follows that C G (Ku A, u AZ). 
Step 4.1. Since Cc (Ku A, u A,) G (N(x) u (x}), C must meet x, a 
contradiction. 
Step 4.2. Since C n S2 = 0 and S, is a good stable set of G,, we have 
C’=Cn(KuA,)#@. Note that C’n{x}=@ since CnS,=@. But 
then in G,, C’ u {a*} is a maximal clique, and this maximal clique is not 
met by S,, contradicting our assumption that S, is a good stable set of G,. 
Step 4.4. Note that y’ must exist because in G, there must be a 
maximal clique containing u2, and this maximal clique must be met by S,. 
If y’ = a2 or y’ E A,, then we can apply the analysis of Step 4.2; otherwise, 
we can apply the analysis of Step 4.1. 1 
It is easy to convert Procedure FIND into a coloring algorithm for 
Meyniel graphs: if S is a good stable set of a perfect graph G = (I’, E), then 
we have w(G[V-S])=o(G)-1, and so x(G[V-S])=x(G)-1. The 
following algorithm will color the vertices of a Meyniel graph G with x(G) 
colors. 
PROCEDURE COLOR( G, k). 
Input : a Meyniel graph G = (V, E). 
output: the chromatic number x(G) = k of G, and a partition of V 
into k stable sets VI,..., V,. 
Complexity: G(n’). 
begin (procedure) 
l Let k +- 0, Sk + 0 (if G is empty then the empty set is returned.) 
l While G is nonempty do 
begin (while) 
l Let kck+ 1. 
l Choose a vertex x of G. 
l Call FIND(G, x, S,). 
l Let GtG[V-S,]. 
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end (while) 
l Return k, S, ,...) Sk, and stop. 
end (procedure) 
Let C be a class of perfect graphs such that if a graph G belongs to C, 
then all induced subgraphs of G belong to C. If there is an O(p(n)) 
algorithm to determine the chromatic number of each graph G in C, then 
there is a G(n .p(n)) algorithm to find a largest clique of G. To see this note 
that x(G) = o(G). Now consider a vertex x of G. If x(G - x) = x(G) then 
there is a clique of size o(G) = x(G) in G - x; if x(G - x) = x(G) - 1, then x 
meets all largest cliques of G: if C is any largest clique of N(x), then 
Cu {x} is a largest clique of G. (We discovered later that the same trick 
was used in [4], we present our argument here for the sake of com- 
pleteness.) The above remark shows that the following procedure will find 
a largest clique of a Meyniel graph in O(n9) steps. 
PROCEDURE CLIQUE(G, C). 
Input: A Meyniel graph G = (V, E). 
output: A largest clique C of G. 
Complexity: G(n”). 
begin (procedure) 
1. If G is empty then let C +- 121, return C and stop. 
2. While G is nonempty do 
begin (while) 
l Call COLOR(G, k) 
- Choose a vertex x of G. 
0 Call COLOR(G - x, k’) 
l If k = k’ then call CLIQUE(G - x, C), return C and stop. 
0 Else call CLIQUE(N(x), C), let Ct Cu (x>, return C and stop. 
end (while) 
end (procedure) 
4. ANOTHER CHARACTERIZATION OF MEYNIEL GRAPHS 
Two vertices of a graph G are said to be friends if they are not endpoints 
of any chordless path with an odd number of edges. Recently, Meyniel [7] 
proved that no minimal imperfect graph (that is, a graph G which is imper- 
fect but each proper induced subgraph of G is perfect) can contain two 
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friends. He also showed that if a graph G is Meyniel, then either G is a cli- 
que, or else G contains two friends. We shall establish a stronger property 
for Meyniel graphs. (A vertex x of graph G = (V, E) is uniuersal if 
{x}uN(x)= V.) 
THEOREM 4.1. If G is a Meyniel graph, then for each vertex x of G, one 
of the following conditions holds: 
(i) x is a universal vertex of G. 
(ii) x is a friend of some vertex x’ of G. 
The proof of Theorem 4.1 relies on the following fact, first known to 
Meyniel [6:3. 
Fact 4.2. A graph G is not Meyniel if G contains a cycle vOv1v2 ... vZk, 
k3 2, such that the path v1 v~...v~~ is chordless and uO is nonadjacent to 
some vi. 
Proof of Theorem 4.1. Consider an arbitrary vertex x of a Meyniel 
graph G = (V, E). We can assume that .X is not a universal vertex of G. Let 
x’ be a vertex in A = V- (N(x) u (x}) such that for each z in A, we have 
IN(x’) n N(x)1 3 IN(z) c-7 N(x)l. 
We claim that x and x’ are two friends. Suppose that our claim was false. 
Then there is a chordless path vr v~“.v~~ with k32, x = vl, x’= vzk, 
v2 E N(x), and v, E A whenever i > 2. Note that there must be a vertex ~1~ in 
N(x) n N(x’) with vOv3 +! E; for otherwise our choice of x’ is contradicted. 
But then the cycle vOvlvz ... vzk satisfies the hypothesis of Fact 4.2, 
contradicting our assumption that G is a Meyniel graph. 0 
Finally, let us note that if a graph G is not Meyniel, then G contains an 
induced subraph H which fails to satisfy both conditions (i) and (ii) of 
Theorem 4.1. This fact can easily be established by using the argument used 
in the proof of the “only if’ part of Theorem 2.1. 
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